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Abstract

In this paper, we apply the penalty function method to the multiobjective
optimization problem, in order to transform a constrained problem, referred to as
the original problem, into a sequence of simpler constrained or unconstrained
problems, referred to as the penalized problems. We show that any cluster point
of a sequence of weak efficient solutions of the penalized problems is a weak
efficient solution of the original problem. Moreover, under certain assumptions on
the feasible region D and the objective function f, we can show that every
penalized problem has a weak efficient solution, and that a sequence of weak
efficient solutions of the penalized problems always has at least one cluster point.

1. Introduction

The penalty function method is often employed to transform a

constrained problem into a sequence of simpler constrained (or even
2010 Mathematics Subject Classification: 90C29, 90C25, 65K05, 656K10.

Keywords and phrases: multiobjective optimization, nonlinear optimization, penalty

function, weak efficient solution.
Received September 15, 2010
© 2010 Scientific Advances Publishers



178 DAU XUAN LUONG and TRAN VAN AN

unconstrained) problems, so that a sequence of solutions of the simpler

constrained problems converges to a solution of the constrained problem.

There have been extensive studies on how to apply the penalty
function method to the nonlinear optimization problem (see, for instance,
[3, 4, 10, 14]). The penalty function method has been also employed to
solve the multiobjective optimization problem (see [5, 6, 9, 13]). In [9], the
weak efficient solutions of the multiobjective optimization problem
MOP(D, f) were studied, together with the exponential penalty

functions. It was shown in [9] that if x is a cluster point of a sequence of
weak efficient solutions of the penalized problems, and x is feasible (i.e.,
x € D), then x is a weak efficient solution of the original problem. The
feasibility of x was assumed in [9]. We are here using the exterior penalty
function, and are able to show the following: (1) if x is a cluster point of a
sequence of weak efficient solutions of the penalized problems, then x is
feasible; (2) such a point x is a weak efficient solution of the original
problem; (3) under certain assumptions imposed on the objective function
f, every penalized problem has a weak efficient solution, and every
sequence of such weak efficient solutions has a cluster point, which in

turn is a weak efficient solution of the original problem.

The paper is organized as follows. Necessary definitions, notations,
and some basis results on the multiobjective optimization problem are
given in Section 2. Section 3 presents our main results. The paper is

concluded in Section 4.

2. Preliminaries

For x = (xq, ..., x,)) € R* and y = (v, ..., ) e R*, we adopt

the following conventions:

X<yox; <y,Vi=1 ..,k
x££y < x>y

Let || ¥ | denote the Euclidean norm of iy, namely,
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k
M ,/Zy?.
i=1

The inner product of x and y is defined as
k
(x, ) = > %
=1

12

Let R® ={x=(xp, ..., x,) eRF:x;,>0,i=1,...,k}. Let D be a

nonempty subset of R”*. We henceforth assume that D is closed and
convex. We consider the following D-constrained multiobjective

optimization problem

MOP(D, f) : ECIIEIB f(x) = (fl(x)’ s fr(x))7

where f; ‘RF R,i=1,...,r, are arbitrary functions on R*. D is

referred to as the feasible region of MOP(D, f). If x € D, then x is called

a feasible point of MOP(D, f). If D = R”, then MOP(D, f) is called an

unconstrained multiobjective optimization problem.

Definition 2.1. The point x € D is called a weak efficient solution of
MOP(D, f), if there does not exist y € D satisfying f(y) < f(x).

Thus, x € D is a weak efficient solution of MOP(D, f), if and only if

for all y € D, there exists some index i such that
fi(y) = fi(x).

Suppose that F : R* - R™* isa mapping, whose range is a set of r x k
real matrices. The D-constrained vector variational inequality problem is

defined as follows:

VVIP(D, F): Find x € D such that F(x)(y —x) £ 0, Vy € D.
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If D=RF then VVIP(D, F) is called an unconstrained vector

variational inequality problem. Let F; : R* ]Rk, i=1,...,r be the
component functions of F, i.e., F;(x) is the i-th row of the matrix F(x).

Then

F(x)(y - x) = ((F(x), y - %), ..., (F.(x), y - x))".

Therefore, x € D is a solution of VVIP(D, F), if and only if for all
yeD,

T
(<F1(x)’ y_x>, ---’<Fr'(x)’ y_x>) % 0’
or in other words, there exists some index i such that
(Fi(x), y —x) > 0.

The following theorem establishes the relationship between the weak
efficient solutions of a multiobjective optimization problem and the
solutions of the corresponding vector variation inequality problem, under
the assumption on the convexity and differentiability of the objective

function.

Theorem 2.2 ([2]). Let f be convex and differentiable, i.e., each

component f; of fis convex and differentiable. Then x is a weak efficient
solution of MOP(D, f), if and only if x is a solution of VVIP(D, f’),

where f' is the total derivative of f.

The following results on the existence of solutions of a multiobjective

optimization problem are useful for us later.

Theorem 2.3 ([8]). Let f be convex and differentiable. Furthermore,

suppose that D is unbounded and there exists a € D such that

lim D(Vfi(y),y—a)>0, i=1 ...,

| ¥ |+, ye

Then MOP(D, f) has a weak efficient solution.
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Definition 2.4 ([1]). The function F :R”* — R™* is said to be
monotone on Rk, if each of its components is monotone, i.e., (E(y) -

Fi(x),y—-x)>0 foralli=1,...,

Theorem 2.5 ([1]). Let F :R* - R™* be a continuous and

monotone function on R”. Assume that

(1) D is bounded, or

(2) F is weak coercive on D, namely, there exists a vector s € R, and a

vector a € D such that

lim s'F ,y—a) = +o,
Iy yepl® FO) Y -a)

Then VVIP(D, F) has a solution.

Combining Theorems 2.2, 2.3, and 2.5, we deduce the following
sufficient condition for the solvability of a multiobjective optimization

problem.

Corollary 2.6. Let f be convex and differentiable. Assume that one of
the following holds:

(1) D is bounded,
(2) D is unbounded and there exists a vector s € R, and a vector
a € D such that

r

Y (Vi) v - a)

i=1

400,

(3) D is unbounded and there exists a vector a € D such that

Vf - 0, i=1,..,nr
HyH—>l+I£»y€D< fi(y),y-a)>0, i=1..,r

Then MOP(D, f) has a weak efficient solution.
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Proof. Due to the convexity of f;, it follows that Vf; is continuous
and monotone (see, for instance, Corollary 25.5.1, [11]). Let
F : R* 5 R™* pe the mapping with components Vf;, i =1, ..., r. Then

F'is continuous and monotone.

If D is bounded, by Theorem 2.5, VVIP(D, F) has a solution x. Using

Theorem 2.2, we deduce that x is also a weak efficient solution of
MOP(D, f).

Suppose that D is unbounded. If the second property holds, then F is
weak coercive on D. Therefore, by Theorem 2.5, VVIP(D, F) has a

solution x. Hence, again by Theorem 2.2, x is a weak efficient solution of
MOP(D, f). If the third property holds, then by Theorem 2.3,

MOP(D, f) has a weak efficient solution. O

3. The Multiobjective Optimization Problem
and the Penalty Functions

Firstly, we define and study the penalized problems.
3.1. The penalized problems
Definition 3.1. Let D be a nonempty subset of R*. A function

P:R* 5 R iscalled a penalty function for D, if it satisfies

{P(x) =0, xe D, 3.1)

P(x)>0, x¢ D.

In this paper, we assume that P is chosen so that it is not only convex,

but also differentiable. For instance, if D i1s defined as

D={xeR":gi(x)<0,j=1..,m} (3.2)

where g;: R* o R, j =1, ..., m are continuous functions, we can take

i [ max {0, g;(x (x)\ 2. (3.3)

j=1
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It is straightforward to verify that P defined as above not only is convex
and differentiable on Rk, but also satisfies (3.1). Note that it is well-

known that if P is convex, then
for every x and y in R”.

Now, fix a set K o D. For ¢t > 0, we define the following penalized

problem

MOP(K, f): min fY = (A, ... £,

where fi(t) =f,+tP,i=1, .., r. The region K can well be Rk, and in
such a case, the penalized problem has no constraint. Next, we study the

existence of solutions of the penalized problem MOP(K, f ®) ).

Lemma 3.2. Let f: R* 5> R” be convex and differentiable.
Furthermore, assume that one of the following conditions holds:

(1) K is bounded,

(2) K is unbounded and there exists a vector s € R and a vector

a € D such that

r

lim s;(Vf;(y), y —a) = +x,
H yw,yd{; {(Vi(3), y - a)
(3) K is unbounded and there exists a € D such that

1i V. - 0,i=1,..,r
HyHa}rIo?,yeKK f(¥),y-a)>0,i r

Then MOP(K, f(t)) has a weak efficient solution.

Proof. It is clear that each fi(t) = f, + tP is convex and differentiable.

If K is bounded, then by Corollary 2.6, MOP(K, f (t)) has a weak efficient

solution.
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Suppose that the second condition is satisfied. We have

r

> silVE ), y—a) = Y si(VAD), y-a) + £ si(VP(), ¥ - a)
i=1

i=1 =1

r

> Zsi(Vfi(y), y —a)+t(P(y) - P(a))

i=1

-

> ) si{(Vi(¥), y-a)
=1

— 4o, as |y || > +o, y € K.

The second inequality is due to the fact that P(y) > 0 and P(a) =0 as

a € D. Therefore, Corollary 2.6 implies that MOP(K, f (t)) has a weak

efficient solution.

Suppose that the third condition is satisfied. For each i =1, ..., r, we

have
(Vfi(t)(y), y-a)=(Vfi(y), y—a)+VP(y), y—a)
> (Vf(¥), y - a) + t(P(y) - P(a))
2 <Vfl(y)’ Yy - a>-
Therefore,

: (t) _
“y“JigiyeK<Vﬂ (¥), y—a)>0.

Again by Corollary 2.6, we conclude that MOP(K, f(t)) has a weak

efficient solution. O
3.2. The convergence theorems
Let S and S(¢) denote the solution sets of MOP(D, f) and MOP

(K, f(t)), respectively. Let {t,}, be a sequence of positive real numbers,

which monotonically tends to +o as n — +o.
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Lemma 3.3. Assume that f is continuous, and that x™ < S(t,) for
all n € N. Suppose that x is a cluster point of {x(”)}n. Then x € D.
Proof. We prove this lemma by contradiction. Suppose that x is the

limit of a subsequence {x(nm)}m of {x(”)}n, and that x ¢ D. Then

P(x) > 0 and hence P(x) > ¢ for some ¢ > 0. Take y € D. Since xm)

e S(t,,, ), there exists i, ~such that

f_(tnm )(y) S f.(tnm )(x(nm) ).

. Iy,
Since i, €1{l,2, .., r}, there exists an infinite sequence {inm[ }, of
indices, all of which have the same value, say inmé =1, for all ¢/ € N. To

simplify the notation, we assume that inm =1 for all m € N. Therefore,

for all m € N, we have
Al () = flmm ) (lom)). (3.4)

Since P(x(n’”))—> P(x) > ¢, for all m sufficiently large, we have

P(x(n’")) > ¢. Hence, for m sufficiently large,
(rn ) um)y _ ¢l ) () = £ () — () y
fi ") = () = A7) = A1)+, (P(x) = P(y)

> fi(x"m) = f1(3) + 2
— fi(x) = A(¥) + © = +o0, as m — +oo.
This contradicts (3.4). Note that here P(y) = 0 as y € D. 0

The following theorem shows that if a sequence of weak efficient
solutions of the penalized problems converges to a point x, then x is also a

weak efficient solution of the original problem. Note that if there exists

some n e N such that x e S(t,)N D, then it is easy to verify that

x is also a solution of MOP(D, f).
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Theorem 3.4. Assume that f is continuous, and that x™ ¢ S(t,) for

all n e N. Then any cluster point of the sequence {x(n)}n is a weak
efficient solution of MOP(D, f).
Proof. We assume that x is a cluster point of the sequence {x(n)}n.

Let {x(n’")}m be a subsequence of {x(”)}n, which converges to x. By

Lemma 3.3, we already have x € D.

Suppose for contradiction that x ¢ S. Then, there exists y € D
satisfying

i) <filx),i=1,..,r

Since x"m) ¢ S(t,, ), there exists i, ~such that

f(tnm )(y) S fi(tnm )(x(nm) ).

inm 'm
Since i, € {l,2, ..., r}, there exists an infinite sequence {inm }, of
indices, all of which have the same value, say inm/ =1, for all ¢ € N.
Again, to simplify the notation, we assume that the sequence {inm }m

itself satisfies this property, namely, inm =1, for all m € N. Therefore,

for all m € N, we have

) 2 A (), @5)

Since f;(y) < fi(x), we deduce that f(y)- fi(x) < —¢, for some & > 0.

Since x™) 5 x as m — +o0, for sufficiently large m, we have

A) - A(x"m)) < .

Hence, for m sufficiently large, we have

£l () =l ) ) = £ () = (")) 41, (P(y) = P(x")))
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< -g- tnmP(x(n’”))
< —g,
which contradicts (3.5). O

Theorem 3.5. Let f:IRk — R” be convex and differentiable.

Furthermore, assume that one of the following conditions holds:
(1) K is bounded,
(2) K is unbounded and there exists a vector a € D such that

1i Vi(y), y - 0,i=1,..,r
Hyuelg,yeé f,(¥),y-a)>0,i r

Assume also that x™ e S(¢,) for all n € N. Then, the sequence {x(n)}n

has at least one cluster point, and every cluster point of this sequence is a
weak efficient solution of MOP(D, f).

Proof. First note that by Lemma 3.2, we have S(¢,,) # &. Therefore,

the sequence {x(" )}n stated in the theorem is well-defined.

If K is bounded, then the sequence {x(n)}n c K 1s also bounded.

Therefore, it has at least one cluster point. The claim that every cluster

point of this sequence is a weak efficient solution of MOP(D, f) follows

directly from Theorem 3.4.
Now, assume that K is unbounded and there exists @ € D such that

i Vf: — 0,i1=1,...,r.
Hyuﬁggydg f(¥),y-a)>0,i=1,..,r

We aim to show that the sequence {x(")}n is bounded. For ¢ > 0, let B(¢)

be the smallest closed ball in Rk, centered at the origin, such that for all

y ¢ B(t), andforall i =1, ..., r, we have

(vi(y), y-a) >0,
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or in other words,

(Vi(y), y—a)+t{VP(y), y —a) > 0.
Since

(V(¥), ¥y —a) >0,

when | y || is sufficiently large, and

{(VP(y), y - a) 2 t(P(y) - P(a)) 2 0,
we deduce that B(t) has finite radius.

Next, we show that S(¢) < B(t). Indeed, suppose on the contrary that
there exists some y € S(¢)\ B(¢). Then by definition of B(t), for all
i=1,...,r, wehave

Vi), y—a) > 0,

or equivalently,

Vi), a-y)<0,i=1,..,n
Hence y is not a solution of VVIP(K, (f(t)), ). By Theorem 2.2, we deduce
that y ¢ S(¢), a contradiction. Hence S(¢) < B(2).

On the other hand, for ¢' > ¢, we have B(t') ¢ B(¢). Indeed, for all
y ¢ B(t) andforall i =1, ..., r, we have

(Vi(), y—a) +{VP(y), y —a) > 0,
which implies

(Vfi(y), y —a) +t(VP(y), y —a) > 0, (3.6)
as

(VP(y), y —a) =2 P(y) - P(a) 2 0.



PENALTY FUNCTIONS FOR THE MULTIOBJECTIVE ... 189

By definition, B(t') is the smallest ball such that for all y ¢ B(t'), the
inequality (3.6) holds for all i =1, ..., r. Therefore, B(t') is contained in
B(t).

Finally, as {¢, },, is monotonically increasing, we have
B(t) 2 B(tz) 2 2 Bl(ty) 2 .
Therefore, for all n € N, we have
x") < S(t,) < B(t,) < B(1).

Since the radius of B(¢;) is finite, we conclude that the sequence {x(n)}n

is bounded. We complete the proof. O

Example 3.6. Let

D={x=(x;,09) eR?:x9-2,-1<0, —xy +af —1<0}.

X2 = Xll— 1 A (H)

X=x;+ 1

'—‘xl

Figure 1. The feasible region D.
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Take P as in (3.3):

P(x) = [ max {0, xo — x; - 1}]* + [ max {0, — xy + xf — 1}

0, x e D,
~(xg —xy ~1)%, x < (I,
T (kg —xp — 1) 4 (- xg + 2] - 1), x < (ID),
Cay+ x12 _1)2’ x e (III).
We have
[0 x e D,
0
-9 —x; -1
(x2 xl ) , X € (I)7
P 2(.762 —X1 - 1)
VP(x) = ~2(xg — 7 —1) + 4y (—xg + xf — 1) x e (IT)
2wy — 31 —1) ~2(~xg + 2% ~1)
2
[4x1(—x2 + —1)} x e (III).
—2(—362 + X1 _]-)

Let f(x) = (fi(x), fo(x)), where

2 2
fl(x) = %-F%-F X1%X9 + 2€x2/2 - 2x2,

2
x
folx) = €™ +x2 —x; +72+1.

Clearly, f chosen as above is convex and differentiable on R2. Let

K = Rz, and a = 0 € D. Then, we have

/

(Vfl(y), y> = (y1 + Y9 )2 + yzeyz 2 _ 2y9,

(Vi (), ¥) = 29% + ¥5 + ™t -y,

which are obviously positive when | y| — +w. Therefore, by Theorem

3.5, any sequence of weak efficient solutions of the penalized problems

MOP(K, f(t”)), n =12, ..., has a cluster point, and every cluster point

of that sequence is a weak efficient solution of MOP(D, f).
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4. Conclusion

We investigate the relationship between the set of weak efficient
solutions of the original multiobjective optimization problem and the sets
of weak efficient solutions of the corresponding penalized problems.
Theorem 3.4 shows that every cluster point of a sequence of weak
efficient solutions of the penalized problems is a weak efficient solution of
the original problem, under only the continuity of f. No convexity or
differentiability is required. However, Theorem 3.5 requires such
properties of f. Several authors have established results on the existence
of weak efficient solutions of a multiobjective optimization problem under
less strict requirements imposed on f, for instance, when f is nonsmooth
and nonconvex (see, for instance, [7, 8, 12]). Based on these results, one
may relax the assumptions imposed on the objective function f stated in
Theorem 3.5.
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